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ABSTRACT
The neutron star maximum mass and the radius are investigated within the framework of relativistic
mean-field (RMF) model. The variation in the radius at the canonical mass, R1.4, using different
inner crust equation of state (EoS) with different symmetry energy slope parameter is also studied.
It is found that although the NS maximummass and the corresponding radius do not vary much with
different slope parameter inner crust EoS, the radius at 1.4M⊙ follows a linear correlation with the
symmetry energy slope parameter for all core parameter sets.
Keywords Unified EoS · Inner crust · Neutron star
1 Introduction
The structure and the properties of Neutron Stars (NS) have been studied effectively from experimental as well as
theoretical models. Such studies reveal the inner structure of NS and the presence of exotic phases. The results
obtained from the astrophysical observations require several theoretical inputs for the interpretation. A coextensive
effort from theory and experiments have improved and provided new insights into the field. The recently observed
Gravitational Waves GW170817 [1, 2] and GW190425 [3] have constrained the NS maximum mass and radius. The
presence of exotic phases like quarks inside NS has also been observed recently [4]. After the discovery of gravitational
wave GW170817, more theoretical work has been done to understand the relation between EoS and NS properties
through various aspects like a phase transition, symmetry energy [5, 6, 7, 8, 9, 10, 11, 12, 13]. However, there are still
numerous fundamental problems related to the matter under extreme conditions that are yet to be answered. The most
important one is the unified theory which can describe the overall structure of a NS, from the outer crust to the inner
core.
The structure and the properties of a NS are determined by the Equation of State (EoS) which describes the state of
matter under given physical conditions. The discovery of massive neutron stars provide constrain on NS maximum
mass and radius [14, 15, 16]. To determine the pressure and the energy density of a NS matter, the isospin asymmetry
and the binding energy act as the key inputs. The symmetry energy S(ρ) and its derivatives (Lsym,Ksym, Qsym)
affect the EoS and have been used to constrain the EoS near the saturation density. The density-dependent symmetry
energy has a strong correlation between the pressure at saturation density and its radius inside a NS [17]. It has
been shown [18, 19] that the slope parameter Lsym is strongly correlated to the neutron skin thickness. A higher
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Lsym value describes neutron matter with higher pressure and hence thicker neutron skin [20, 21, 22]. The curvature
parameterKsym determines the crust-core transition density and the gravitational binding energy of the NS [23]. The
skewness parameterQsym has a large saturation in its value due to different values from various models. The skewness
parameter is related to the nuclear incompressibility of the system [24]. All these quantities affect the EoS directly or
indirectly.
The unified EoS describes the neutron star from its outer crust to the inner core. However, a unified EoS is generally
not available. Hence the complete EoS is divided into three different phases: the outer crust phase, the inner crust, and
the core phase. It has been shown [25, 26] that the neutron star properties like mass and radius do not depend upon the
outer crust EoS, but a particular choice of inner crust EoS and the matching of inner crust to the core EoS is critical
and the variations larger than 0.5 km have been obtained for a 1.4 M⊙. For the outer crust which lies in the density
range 104-1011 g/cm3, the Baym-Pethick-Sutherland (BPS) EoS [27], the Haensel-Pichon (HP) EoS [28] are widely
used in the literature. Both these EoSs do not affect the mass and radius of a neutron star. For the matter beyond the
neutron drip line ranging from density 1011-1014 g/cm3, the inner crust EoS follows. The Baym-Bethe-Pethick (BBP)
EoS [29] is usually used. However to avoid the large uncertainties in mass and radius of a neutron star, studies have
shown that for the complete unified EoS, the inner crust EoS should be either from the same model as core EoS or the
symmetry energy slope parameter should match [26, 30]. Thus a proper choice of inner crust EoS will determine the
true value of neutron star mass and radius.
This paper is organized as follows. In section 2, we explain the relativistic-mean field formalism to the study of the
EoS. Section 3 discusses the nuclear matter properties for parameter sets used. The unified EoS by combining the
outer crust, inner crust, and the core EoS will be discussed in section 3. The mass-radius profile for the neutron star
matter with different EoSs is also discussed. Finally, the summary and conclusions are outlined in section 4.
2 Theory and Formalism
In this section, we summarize the formulations of our EoS for nuclear matter. The Relativistic Mean Field (RMF)
theory in which the nucleons interact through the meson exchange is adopted. The simplest relativistic Lagrangian
contains the contribution from σ, ω, and ρ mesons without any cross-coupling between them [31]. The prediction
of large nuclear matter incompressibility [32] by this model was reduced to an acceptable range by the addition of
self-coupling terms [33]. The addition of other self- and cross-couplings improved the nuclear matter properties. The
Effective field theory motivated RMF (E-RMF) is an extension to the basic RMF theory in which all possible self-
and cross-couplings between the mesons are included [34, 35, 36]. The E-RMF Lagrangian used in the present work,
which contains the contribution from σ-, ω- mesons up to 4th order expansion, and ρ- and δ- mesons up to 2nd order
are given by [37]
L =
∑
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where ψ is the nucleonic field andM is the nucleonic mass. mσ , mω,mρ, andmδ are the masses and gσ, gω,gρ, and
gδ are the coupling constants of σ, ω, ρ, and δ mesons respectively. The Euler-Lagrangian equations of motion for the
meson fields are obtained using the relativistic mean-field approximation [8]. The expression for the energy density
and pressure are obtained from the given Lagrangian using energy-momentum tensor relation [38]. The expression for
energy density and pressure are given by [8].
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3 Results and Discussion
To study the effect of crust EoS on neutron star properties, we have chosen several parameter sets to construct the core
EoS. Since the outer crust EoS does not affect the neutron star maximum mass and radius, therefore the use of several
EoSs for outer crust will provide no new information regarding the NS. Hence the BPS EoS [27] has been used for the
outer crust part. For the inner crust part, the relativistic mean-field model with constant couplings, non-linear terms
[39], and density-dependent couplings [40] have been used. These include NL3 [41] set with non-linear σ terms, TM1
[42] with non-linear σ and ω terms, NL3ωρ [43, 22] which includes the non-linear ωρ terms in addition to the previous
couplings, FSU [44] and IU-FSU [45], and the density-dependent DD-ME2 [46] and DD-MEδ [47].
The nuclear matter properties at saturation density for the above considered crust EoSs are shown in table 1. The
symmetry energy slope parameter Lsym of the given sets lies in the range 47-118 MeV. We have considered these sets
for the inner crust part to determine the variation in the maximummass and the corresponding radius of a neutron star.
Table 1: Nuclear matter properties for the crust EoS at saturation density (ρ0), energy (E0), symmetry energy (S),
slope parameter (Lsym), incompressibility coefficient (K), and skewness parameter (Qsym). All the values are in
MeV except for the (ρ0) which is in fm
−3.
Model ρ0 E0 S Lsym K Qsym
NL3 0.148 -16.24 37.3 118.3 270.7 203
TM1 0.145 -16.26 36.8 110.6 280.4 -295
FSU 0.148 -16.30 32.6 60.5 230.0 -523
IU-FSU 0.155 -16.40 31.3 47.2 213.2 -288
NL3ωρ 0.148 -16.30 31.7 55.2 272.0 203
DD-ME2 0.152 -16.14 32.3 51.4 250.8 478
DD-MEδ 0.152 -16.12 32.4 52.9 219.1 -741
The E-RMF formalism is used to construct the core EoS. We covered a wide range of models containing only σ
self-coupling terms to the models with all types of self- and cross-couplings along with the δ meson inclusion. NL3
[41], TM1 [42], IU-FSU [48], IOPB-I [8], and G3 [36] parameter sets are used to study the neutron star core. All the
coupling constants and the meson masses for the above parameter sets are given in [42, 48, 8].
The unified EoSs consisting of the outer crust, the inner crust, and the core are constructed using the above defined
parameter sets. The unified EoS follows as: BPS (for the outer crust)+ BBP, NL3, TM1, NL3ωρ, FSU, IU-FSU,
DD-ME2, and DD-MEδ (for the inner crust)+ NL3, TM1, IU-FSU, IOPB-I, and G3 (for the core). The unified EoS
without inner crust is also constructed to see the impact of inner crust on NS properties. The different unified EoSs
produced are shown in figure 1.
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Figure 1: Unified EoS with different inner crust and core EoS. The inset shows the matching of outer crust with the
inner crust.
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The NL3 parameter set produces stiff EoS as compared to other parameter sets. IU-FSU produces soft EoS among
all. G3 set produces soft EoS as compared to NL3, TM1 and IOPB-I at both low and high energy densities. Among
the inner crust EoS, NL3 and TM1 set produce soft EoS at very low density and become stiff as the density increases.
IU-FSU initially produces stiff EoS but becomes soft at higher energy density (E ≈ 45 MeV/fm3).
To determine the maximum mass and the corresponding radius of a stationary and spherical neutron stars obtained
using different EoSs, we use the Tolman-Oppenheimer-Volkoff (TOV) equations [49, 50].
dP (r)
dr
= −
[E(r) + P (r)][M(r) + 4pir3P (r)]
r2(1− 2M(r)/r)
(2)
and
dM(r)
dr
= 4pir2E(r) (3)
Here M(r) is the gravitational mass. For the given boundary conditions P (0) = Pc, M(0) = 0, with Pc being the
central pressure, the equations (2) and (3) are solved to obtain the NS properties.
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Figure 2: Mass-Radius profile for NL3 core with different inner crust EoS. The recent constrains on the mass [51] and
radius [9] of NS are also shown.
Figure 2 shows the mass-radius relation for a NS with NL3 core EoS. The violet band represents the maximum
mass range for a non-rotating NS [14, 51, 52]. This band also satisfies the precisely measured masses of binary
millisecond pulsar pulsar PSR J1614-2230 (1.97±0.04M⊙) [16] and PSR J0348+0432 (2.01±0.04M⊙) [14]. The
green arrow represents the radius at the canonical mass of a NS which shows that the maximum value of radius should
beR1.4 ≤ 13.76 km [9]. The constraints on the maximummass show that the theoretical prediction of a NS maximum
mass should reach the limit ≈ 2.0M⊙. From figure 2, it is clear that the NS maximum mass produced using different
inner crust EoS lies in the range 2.764-2.787 M⊙. The corresponding radius varies from 13.027-13.378 km. The
radius at canonical mass is much more affected than the radius at maximum mass. For a NS without inner crust, the
radius at the canonical mass is found out to be R1.4 =14.987 km. With the addition of the inner crust, the radius
decreases from 14.479-13.834 km. The smallest radius is produced by using BBP as inner crust EoS which is also
close to the radius predicted by GW170817. The NL3 set has higher value of symmetry energy slope parameter Lsym
= 118.3 MeV, while as IU-FSU has smallest value Lsym = 47.2 MeV. The low value slope parameter set (IU-FSU)
produces a smaller radius at the canonical mass as compared to the higher value Lsym set (NL3) as can be seen in the
figure. Thus we see that the R1.4 has a significant relation with the slope parameter. This is consistent with the work
in ref. [9, 11].
The Mass-Radius profile for TM1 and IU-FSU parameter sets are shown in figure 3. For TM1 core EoS with different
inner crust EoS, the maximummass and the corresponding radius lie in the range 2.133-2.167M⊙ and 12.206-12.725
km, respectively as shown in figure 3a. The radius at the canonical mass varies from 13.963-15.549 km with a 15.549
km radius produced without using the inner crust. As seen in the figure, although every EoS for TM1 core along
with different inner crust satisfies the mass constrain from recently observed gravitational wave data GW170817, no
4
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Figure 3: Same as figure 2, but for TM1 and IU-FSU core EoS.
such EoS satisfies the radius constrain. For IU-FSU core EoS, as shown in the figure 3b, the maximum mass and
radius vary from 1.931-1.940M⊙ and 11.012-11.263 km, respectively. The radius at the canonical mass varies from
12.302-12.778 km all satisfying the radius constrain.
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Figure 4: Same as figure 2, but for IOPB-I and G3 core EoS.
Figure 4 shows the MR profile for IOPB-I and G3 core EoS. For IOPB-I set, the maximum mass varies from 2.147-
2.151M⊙ and the radius 11.872-12.029 km. R1.4 varies from 13.161-13.508 km. Similar results follow for G3 EoS,
where the NS maximum mass and the corresponding radius vary slightly with different inner crust EoS. However, as
usual, the radius R1.4 varies from 12.441-14.393 km.
From the above MR relations, we see that the maximum mass and the radius do not change by using the inner crust
with different slope parameters. However, the radius at canonical mass increases with an increase in the symmetry
energy slope parameter Lsym.
The relation between radius at the canonical mass, R1.4, and the symmetry energy slope parameter Lsym for all core
parameter sets are plotted in figure 5. It is clear from the plot that there is a linear correlation between R1.4 and Lsym.
For NL3 parameter set, the radius can be expressed as R1.4 = 13.875 + 0.005221Lsym with correlation coefficient
R = 0.925. Similar pattern follows for all other parameter sets. A larger Lsym reslts in a larger radius at the canonical
mass.
Table 2 shows the deviation in the NS maximum mass, the corresponding radius, and the radius at the canonical mass
for the given parameter sets. It is clear that the variation in the maximum mass and the corresponding radius are very
small for EoSs, but the radius at 1.4M⊙ is highly impacted by the inner crust EoS. For NL3 core EoS, the variation
in the radius at R1.4 is maximum for BBP inner crust ≈ 7.7% which is around 2 km. The maximum variation in the
radius, R1.4, is seen for TM1 and G3 core EoSs which occur due to IU-FSU inner crust EoS. Such large deviations
5
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Figure 5: The relation between slope parameter andR1.4 for NL3, TM1, IU-FSU, IOPB-I, and G3 parameter sets. The
dashed lines are the fitted lines.
Table 2: Variation (in percent) in the maximum mass, corresponding radius, and the radius at 1.4M⊙ of a NS without
inner crust and the corresponding inner crust.
Model BBP IU-FSU DD-
ME2
DD-
MEδ
NL3ωρ FSU TM1 NL3
∆Mmax 0.25 0.14 0.11 0.07 0.11 0.11 0.32 0.58
NL3 ∆Rmax 1.90 2.62 0.87 1.22 0.93 0.79 0.73 1.19
∆R1.4 7.71 6.74 5.31 5.29 5.24 5.17 3.62 3.44
∆Mmax 0.14 1.57 0.88 0.83 0.14 1.57 0.18 0.42
TM1 ∆Rmax 3.59 0.32 0.91 0.98 3.76 0.32 3.54 2.36
∆R1.4 9.72 10.25 10.21 10.17 10.14 10.10 9.95 9.92
∆Mmax 0.10 0.00 0.05 0.26 0.10 0.05 0.15 0.21
IU-FSU ∆Rmax 1.35 2.07 1.41 2.23 1.25 1.26 1.71 1.79
∆R1.4 2.95 3.74 3.56 3.44 3.31 3.23 2.75 2.51
∆Mmax 0.09 0.09 0.04 0.04 0.04 0.09 0.04 0.04
IOPB-I ∆Rmax 1.11 1.17 0.66 0.61 0.73 0.54 0.92 1.30
∆R1.4 2.81 2.66 2.37 2.35 2.32* 2.17 1.81 1.79
∆Mmax 0.05 0.00 0.15 0.20 0.15 0.30 0.04 0.50
G3 ∆Rmax 3.94 5.74 4.02 3.79 4.24 3.28 0.92 3.50
∆R1.4 11.22 13.56 11.58 11.32 10.94 10.52 9.27 8.96
in the radius, R1.4 show that a proper choice of inner crust EoS is important to calculate the mass and radius of a NS
with small uncertainities in these values. Thus the crust-core transition allows the construction of a stellar EoS and a
precise measurement of the NS maximum mass and radius.
The constraints on the inner crust EoS of a NS and the proper matching of inner crust with core EoS is helpful in
considering the nuclear and astrophysical applications of the RMF model. A core EoS with a smaller symmetry
energy slope parameter implies small symmetry energy at high densities [53]. For a model with higher symmetry
energy at sub-saturation density, the inner crust properties of a NS are affected in addition to the pasta phases as shown
in refs. [54, 55]. Studies have shown that for a complete unified EoS, the inner crust part should either be from the
same model or the symmetry energy slope parameter should match. However, as we have seen in the above plots, the
inner crust EoS with smaller slope parameter Lsym predicts a smaller radius at 1.4M⊙ as compared to the one with
large Lsym. The same trend is followed by all parameter sets used for the core.
4 Summay and conclusion
The NS properties like mass and radius were investigated using the relativistic mean-field (RMF) model. To study the
effect of symmetry energy and its slope parameter on a neutron star, we used inner crust EoSs with different symmetry
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energy slope parameters. For the outer crust, the BPS EoS is used for all sets as the outer crust part doesn’t affect the
NS maximum mass and radius. For the inner crust part, we used NL3, TM1, FSU, NL3ωρ, DD-MEδ, DD-ME2, and
IU-FSU parameter sets whose slope parameter varies from 118.3-47.2 MeV. For the core part, NL3, TM1, IU-FSU,
IOPB-I, and G3 parameter sets are used. The unified EoS are constructed by properly matching the inner crust EoS
with outer crust and core EoS. The EoSs constructed for the spherical and symmetrical NS under charge neutral and β-
equilibrium conditions ware taken as the input into the TOV equation to obtain NS properties. It is seen that although
the NS maximummass and the corresponding radius do not change by a large amount, the radius at the canonical mass,
R1.4 are largely impacted by using inner crust EoSs with different symmetry energy slope parameter. By varying the
slope parameter from low to high values, the radius R1.4 also increases. Different parameter sets for core EoS were
used to see if they predicted a different behavior between R1.4 and Lsym. Also, the variation in the NS maximum
mass, radius, and the radius at 1.4M⊙ are to calculated and the variation of about 2 km is found in the radius at the
canonical mass.
There are several different aspects that need to be further studied in the current work. A unified EoS with both crust
and core part described by the same parameter set with different slope parameter Lsym will be a better investigation to
see how the radius at canonical mass behaves. The variation in the tidal deformability of a NS with different symmetry
energy slope parameter inner crust will provide more new insights into this work.
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